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Consider a two-dimensional topological field theory coupled to topological gravity with 
primary fields {7 a } (see Witten plj] for an explanation of this notation). An example 
of such a theory is provided by the Gromov- Witten invariants of a smooth projective 
variety V; in this case, the primary fields are a basis of the cohomology H'(V, Q). 

The metric on the space of primaries is defined by the formula 

Vab = (P-faJb)o, 

where P = 70 is the puncture operator. (In the case of Gromov- Witten invariants, 70 is 
the identity of H*(V, Q).) Denote by rf h the metric on the dual space, and by 7° = rj ahr )i, 
the dual basis. 

Let {t^ k > 0} be the coordinates on the large phase space. Introduce generating 
functions for the correlation functions, by the formula 

(!) ((TfciOd) • • -Tfc„(a;„)}} g = ^r fel (a;i)...T fen (a; n )exp^^r lfe (7 )^ 

k,a ^ 

1 

= JV! ^ l Z ■■■ t hi T kli X l)--- T k n {x n )T ll { lai )...Tl N {-f aN )) g . 

N=0 ' h...l N 

We can now formulate the topological recursion relations satisfied by the genus 
correlation functions: 

(2) ((r fel (xi)r fc2 (a;2)Tfe3(a;3)))o = ^2((T kl ^ 1 (x 1 )-f a )) ((j a T k2 (x 2 )Tk 3 (x 3 )))Q. 

a 

In combination with other properties of these models, these recursion relations allow the 
genus correlation functions for gravitational descendents to be expressed in terms of 
correlation functions for primary fields. Ultimately, (^|) is a consequence of the vanishing 
of the tautological classes ipi on the Deligne-Mumford compactification A^o,3> which 
follows from the zero-dimensional-ity of -Mo,3- 

Likewise, the genus 1 correlation functions satisfy the topological recursion relations 

(3) ({Tk{x)))i = £«^-i^ha»o((7 a »i + i ^((r fc _ 1 ( 2 ;)7a7 Q }}o. 

a a 

These recursion relations follows from the equality of the tautological class ipi on M.1,1 
with a boundary class of degree 1/24 on Aii,i. 

The first rigourous construction of gravitational descendents was obtained by Ruan 
and Tian [po[ , for the Gromov- Witten invariants of semi-positive symplectic manifolds. In 
Part 1 of this paper, we study gravitational descendents for general projective manifolds, 
by applying the Behrend-Fantechi construction of the virtual fundamental classes 

on _M g .„(V, f3) (based on the ideas of Li and Tian Jl5)). We verify the above topological 
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recursion relations in this setting, along with all of the other formulas contained in 
Dijkgraaf and Witten ^.El. It is useful to read our paper in conjunction with that 
of Kontsevich and Manin [Q; although both discuss similar questions, the emphasis is 
quite different. 

In Part 2, we calculate the topological recursion relations in genus 2. To this end, we 
first calculate the Hodge polynomial of M.2,2'- 

^iiV dimiJ lJ (AT 2 , 2 ) = 1 + Guv + Uu 2 v 2 + Uu 3 v 3 + 6uV + u 5 v 5 ; 

the proof uses the results on mixed Hodge modules proved in |J and a number of other 
miscellaneous results. We then use intersection theory in M.2,2 to find topological re- 
cursion relations for genus 2 correlation functions. The situation is very different from 
that in lower genus, since the restrictions of the tautological classes ipi to M.2,11 do not 
vanish. On the other hand, we will see that quadratic polynomials in the classes ipi are 
boundary classes on .M 2j „.[] 

Recall Mumford's definition of the cohomology classes A^ on Ai g . Let ir : M. g \ — > M. g 
be the universal curve over Ai g , and consider the Chern classes Xi = Cj(E) of the Hodge 
bundle E = tt^uj-j^ . We denote the pullbacks of A; to M. g>n by the same symbol. 
By the formulas 

2k 

^(-I) l A 4 A 2fe _. t = 0, 

i=0 

the classes A 2 fc are universal polynomials in the classes A 2 i+i; for example, A 2 = Af/2. 
In genus 2, the divisor Ai is a boundary class (this is not true in higher genera), and 
Mumford proves the formula 

Ai = ^j(2fc + do). 

He also obtains an explicit expression for ipf as a boundary cycle on Al 2j i, which may 
be written, following Faber 0, as 



Q P 




1 We conjecture that this pattern continues: polynomials of degree g in the tautological classes ipi are 
boundary classes on _M 3 ,n- 
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The main result of Part 2 is the following explicit formula for ipi^- 




(5) 



72 CO 
1 

In this article, we content ourselves with proving that (JbJ) is a homological equivalence, 
although we expect that it is actually a rational equivalence. A key step in its proof is 
the fact that the rational cohomology of M.2,2 turns out to be generated as a ring by 6 
tautological divisors; we prove this using Faber's computer program which enables 
us to calculate the intersection numbers of quintic monomials in the divisors on 

Finally, applying the results of Part 1, (Q) and (||) imply respectively the topological 
recursion relations 

(6) ((r k+ 2(x))h = «T fe+1 0r) 7 a))o<(7 a »2 + ((r fc (x) 7a ))o«r 1 ( 7 ' I ))} 2 

- ((r fe ( 2 :) 7a ))o((7 a 76)}o((7 b »2 + T^((r fe (z) 7 a7*,»0«7 a »l«7 6 »i 
+ Tn((^W7a7 & »o«7 a 7 b ))i - M^{x)la))i{{l a l b l b ))o 



10 

13 
240 



{{Tk{x)lai a i b )U(l b )h 



240 1 
1 

960 



«T fc (a;) 7a7 a 7b7 b » , for k > 0. 
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and 

(7) ((T k+1 (x)r l+1 (y))} 2 = ((r fe+1 ( a ;) 7 a }} 2 ((r i (y)7a))o 

+ (Mx) 7Q }} <<T i+1 (y) 7 a }} 2 - ((T fc (x) 7Q }} ((r J (y) 7b )>o((7 a 7 b }}2 

+ 3((r fc ( 2; )r i (y)7a))o(( 7 a }}2 + i«r fc (x)r i (y) 7Q7b })o(( 7 a ))i(( 7 ''))i 

+ f ((r fe ( 2; ) 7a )) 1 ((r ; ( 2/ ) 7 Q 7h )>o((7 b »i + !((r fc (x) 7 a 7fc »o((r ; (y) 7 a}}i((7 h )}i 

- |((r fe ( 2; )r ; ( 2 /) 7a )) 1 (( 7 a 7h ))o« 7 b ))i + M>(^)n(yhai a i b ))o((i b ))i 

+ M( r k(x)w a K))o((n(yh»)h + ^((r fe (x) 7 b )) 1 ((r i (y) 7 a 7 a 76 »o 

" M((^W^(2/)7 b ))i((7a 7 Q 76 ))o + ^((r fc (.x)r i (y) 7Q 7 b })o((7 a 7 b ))i 

+ M((MxhaJ b ))o((T l (yh a J b ))i + ij((r fe (x)7 a 7 b ))i((r ; (2/)7a 76 »o 

+ 3n((^(^)r i (2/) 7 a))o((7 a 7 b 7 b ))i + 576 ((^W^(2/)7a7 a 7 & 7 b }}o, M > 0. 
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Part 1. Gravitational descendents 

1. Dual graphs 

1.1. Dual graphs of prestable curves. 

Definition 1. A pointed prestable curve (G, z±, ... , z n ) is a projective, connected curve 
G (over C) with no singularities other than simple double points, together with n distinct, 
smooth marked points (z\, ... , z n ). 

Given a pointed prestable curve G = (G, zi, ■ ■ ■ , z n ), we will define a graph G(G), the 
dual graph of C, which represents the homeomorphism type of G. The graph G = G(G) 
has one vertex v for each component C(v) of (the normalization of) the curve C, labelled 
by the genus g(v) of this component. 

The edges of the dual graph G(G) correspond to double points of the curve G; the 
two ends of an edge are attached to the vertices associated to the components on which 
the two branches of the double point lie. (If both branches lie in the same component of 
G, then the edge is a loop.) 

Finally, to each marked point z% of the curve corresponds a leg of the graph, labelled by 
i, at the vertex corresponding to the component of C on which Zi lies (which is uniquely 
determined, since Zi is a smooth point). 

In drawing dual graphs, we denote vertices of genus either by a solid circle • or 
leave them unmarked, vertices of genus 1 by an open circle o , and vertices of genus 
g > 1 by ®. 

Define the genus g{G) of a graph G to be the sum of the genera g(v) over the vertices 
v of G and the first Betti number of the graph G. Then g(G) equals the arithmetic genus 
of the curve C. 

Elements of the link of a vertex v are called the flags of the vertex, and their number 
n(v) is its valence: it equals the number of points in the component C(v) which map to 
a double point or marked point of C. The flags of G are the flags of its vertices, and the 
set of flags is denoted Flag(G). The valence n(G) of a graph G is the number of its legs. 

The automorphism group Aut(G) of a dual graph is the subgroup of the automorphism 
group of the underlying graph which fixes the legs, and preserves the genera of the 
vertices. 

1.2. Stable curves. We say that a pointed prestable curve is stable if it has no infini- 
tesimal automorphisms fixing the marked points, and that a dual graph is stable if each 
vertex v satisfies the condition 2(g(v) — 1) +n(v) > 0; a pointed prestable curve is stable 
if and only if the associated dual graph is stable. The set of stable dual graphs G of fixed 
genus g(v) and valence n(v) is finite. 

2. Cycles in the moduli stack of prestable curves 

The moduli stack M g .„ of prestable algebraic curves of arithmetic genus g with n 
smooth marked points is a smooth algebraic stack of dimension 3(g — 1) + n. (This is the 
stack denoted 9JL „ in Behrend §.) If G is a dual graph of genus g and valence n, let 
M(G) be the substack of M ff n consisting of the moduli of pointed prestable curves with 
dual graph G. These substacks stratify M ffi „, and the stratum M(G) has codimension 
equal to the number of edges of G. 

We associate to a dual graph G the cycle {G} = [M(G)], which we will frequently 
represent in formulas by the graph G itself. 
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2.1. Tautological classes and decorated dual graphs. Denote by M(G) the closure 
of M(G) in M^„, by i{G) the inclusion map M(G) Mg,„, and by M(G) the product 

M(G) = [| M g{v)Mv) . 

veVcrt(G) 

(This is the stack denoted 971(G) in Behrend JIJ].) The following lemma is clear. 

Lemma 2. There is a natural action o/Aut(G) on M(G), and a natural morphism 

tt(G) : M(G) — > M(G), 

identifying M(G) / Aut(G) withM(G). □ 

Let C gi „ — > M 9! „ be the universal curve over M ffi „, whose fibre at (C,Zi) is C. The 
projection C g ^ n — > M gn has n canonical sections o~i : M Si „ — > C Sin , corresponding to the 
n marked points. Let uj^ ^ be the relative dualizing sheaf, and consider the line 
bundles f2j = <t*<jJq ^ , and the associated divisors 'J'i = ci(Qi). (The line bundle 
has fibre T*.C at the prestable pointed curve (C, Z\, . . . , z n ).) 

Definition 3. A decorated dual graph (G, 4>) is a dual graph G together with a function 
(j> from the set of flags Flag(G) of G to the natural numbers {0, 1, . . . }. 

We represent a decorated dual graph graphically by drawing at each flag i of the graph 
G 4>(i) arrow-heads pointing towards the vertex to which the flag i is attached. 
Given a decorated dual graph (G, 0), let {G, 4>} be the cycle 

1 V ;l ieFlag(G) 

The codimension of {G, </>} equals the number of edges of G plus the number of arrow- 
heads. A simple example is the divisor Vfi in M.2,1, associated to the decorated dual 
graph 



For each N > 0, let 11^ N : M g . n +N — > M S! „ be the projection which maps the pointed 
prestable curve (G, ) tO (C, 2l, . . . , Z„). 

Proposition 4. Let (G, (/>) 6e a decorated dual graph of genus g and valence n, and for 
v a vertex of G, let G v be the dual graph obtained from G by attaching an additional leg 
to G at the vertex v, with label n + 1, and let <f> v be the decoration of G v assigning to 



the new flag of G v . Then 



uSVert(G) 

Proof. It is easy to see that (IT^ N )*^i = ^i, 1 < i < n; thus, it suffices to prove the 
proposition in the undecorated case. But in that case, it is true almost by definition: 
the additional marked point z n +i must lie on one of the smooth components of C, and 
each one gives rise to a term in the expansion of (jl^ A {G}; the rational factors take 
account of the differing normalization of the cycles {G v }. □ 
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3. Stabilization 

The open substack M. g>n C M ff n of moduli of stable curves is a Deligne-Mumford 
stack, empty unless 2(g — 1) + n > 0. Denote the restrictions of the line bundles flj 
to At ffl „ by w,, and their Chern classes Ci(wj) by i/j^. (These classes are denoted -£Q by 
Mumford.) 

There is a morphism of stacks stab : M 9! „ — » .M s ,n, called stabilization, which asso- 
ciates to a pointed prestable curve (G, z\ 1 . . . , z n ) the pointed stable curve obtained by 
contracting chains of rational curves in G, that is, rational components of valence less 
than 3; by Proposition 3 of Behrend [jjj, the morphism stab is flat. 

If G is a stable graph of genus g and valence n, let [G] be the cycle in A4 9i n defined 
by the closed substack Ai(G). More generally, if (G, <j>) is a stable decorated dual graph 
(that is, a decorated dual graph such that G is stable), define [G, 0] by the same procedure 
as was used to define {G, </>} for general decorated graphs, substituting the embedding 
i(G) : M(G) <-> Mg t „ for i(G) : M(G) M ffi „, the Chern class for and the etale 
morphism 

tt(G) : Yl M g(v)in(v) — >M(G) 

veVeit(G) 

for the etale morphism n(G) : M(G) M(G) of Lemma §. 

If G is an undecorated stable graph, we have stab* [G] = {G}. The relationship between 
stab*[G, 4>] and {G,<p} is less immediate when <fi is non-trivial; for this reason, we wish 
to distinguish the decorated graph associated to [G, <j>] from that associated to {G, 0}. 
This we do by drawing the arrow-heads in a different style. For example, the divisor ipi 
in M2,i is represented by the decorated stable graph 



The following proposition permits the expansion of the cycle stab*[G, <fi] as a linear 
combination of cycles {G', <j)'}. 

Proposition 5. On M ff>n} we /iaue 

1 t n 



= stabVi + 




i 



Proof. Denote the dual graph on the right-hand side of the above formula by Gi, and 
introduce analogous dual graphs Gj, 1 < j < n, in which the role of i and j is exchanged. 
The complement of M. g , n m M s . n is a divisor with components M(Gj), 1 < j < n. Since 
the restrictions of ^ and stab*^ to A'Jg^ are equal, we see that a formula of the general 
form 

= stabV* + hid} + ■■■ + k n {G n } 

holds, where (hi, . . . , k n ) are certain rational numbers. These numbers may be charac- 
terized by the formula 

h*(Vj - stab*^) = kja(N u(Gj) Mg in ), 



8 



E. GETZLER 



where h is the locally closed embedding h : M(Gj) 
normal bundle of the embedding. Our task is to show that kj = 5y ; 
the following lemma. 



g ;n , and N M(G .)M g , n is the 
this follows from 
□ 



Lemma 6. If i = j, then h*(Qj <g> stab*wV) ^ N\ 
bundle. 



M(Gj)^g,n, otherwise it is a trivial line 



Proof. Let G be a dual graph with two vertices, of genus g\ and g-z and valence n\ and 
ri2, and one edge. Thus g(G) =51+32 and n(G) = n\ + n2', assume that n(G) > 0, so 
that Aut(G) is trivial. The codimension-one stratum M(G) decomposes as a product 

M(G) £ M ffl , ni+1 x M 92 ,„ 2+ i, 

and we have the following formula for its normal bundle: 



On Mo. 2 = BG m , we have the formula ^1+^2 = 0, reflecting the fact that the 
representations of G m on TqF 1 and TooP 1 are dual to each other. It follows that 

1 J n 1 J n 1 J n 1 J n 



ci(JV, 



M(G j )Mg,„) 



On the other hand, for i ^ j, it is clear that h*(Q,i (g> a;/) is canonically trivializable, 
showing that - f/ij) = 0. □ 



A4 9jrl be the projection which maps the 



l 3 

, Zn.A-N 



For each N > 0, let 71^ ^ : ^^i s>n +iv 
pointed stable curve (G, zi, . . . , z„, z n +i, . . . , z„ + jv) to the stabilization of (G, zi, . . . , z„). 
The analogue of Proposition [| only holds in this case in the undecorated case. 

Proposition 7. Let G be a stable graph of genus g and valence n, and for v a vertex of 
G, let G v be the dual graph obtained from G by attaching an additional leg to G at the 
vertex v, with label n + 1. Then 

y-v |Aut(G„ NI 



[CI = 



i>GVort(G) 



|Aut(G)| 



\G V 



□ 



On the other hand, to calculate the pullback of the classes ipi by ir^ N , we need the 



following formula, which is the special case for zero-dimensional V of the more general 
Proposition [ll], proved later in this article: 



(8) 




n+1 



Combining all of these results, we obtain the following result, by induction on N. 
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Theorem 8. 



(n 9 

V r, 



.NJ 



4>i 



E 

IU J={l,...,n+N} 
ieIC{i,n+l,...,n+N} 



4. Tautological classes in genus and 1 

Eq. H may be used to give explicit formulas for the classes ipi on Mo,n an( i ■Mi,™, 
which we now recall. The moduli space .Mo, 3 is zero-dimensional, so that the classes 
ipi also vanish in it. Applying (^|) iteratively, we obtain a formula for ipi on M.Q <n : if 
j, k £ {1, n} are distinct from i, then 

J 



(9) 



E 



I U J={l,-.n} 



Since the line bundles E and u>\ on A4i,i are isomorphic, we see that ipi = X\. There 
is one dual graph of codimension 1 in .Mi,!, namely 



with associated divisor Sq- The formula 



Ai 



12 



So 



may be proved either by Grothendieck-Riemann-Roch or by consideration of the explicit 
holomorphic section A (the discriminant) of E® 12 , which has a simple pole at the divisor 
5q. Combining these two equations, we obtain the genus 1 topological recursion relation 



(10) 



Applying (H) iteratively, we obtain a formula for ipi on A4i, n '- 

J 



(11) 



ipi 
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5. Gromov-Witten invariants 

5.1. Prestable maps. 

Definition 9. Let V be a smooth projective variety. A pointed prestable map 

{f:C^V, Zl ,...,z n ) 
is a pointed prestable curve together with an algebraic map / : C —>V. 
Let Ni(V) be the abelian group 

Ni(V) = Z±(V) / numerical equivalence, 
where Zi(V) is the abelian group of 1-cycles on V, and let NEi(V) be its sub-semigroup 

NEi(V) = ZEi (V) / numerical equivalence, 
where ZEi(V") is the semigroup of effective 1-cycles^. 

Lemma 10 (Proposition II.4.8, Kollar If V is a projective variety with Kahler 

form to, the set 

{P <G NEi(V) ton (3 < c} 
is finite for each c > 0. □ 

The dual graph of a prestable map with target V is obtained from the dual graph of 
the underlying pointed prestable curve by labelling each vertex v by the degree (3(v) £ 
NEi(V r ) of the restriction of / to the corresponding component C(v) of C, that is, by 
the numerical equivalence class of the 1-cycle f(C(v)) in NEi(V). The degree (3(G) of 
the graph is the sum of these degrees over all vertices; it equals the degree of the map /. 

5.2. Stable maps. We say that a pointed prestable map is stable if it has no infinitesimal 
automorphisms fixing the marked points, and that a dual graph is stable if each vertex 
v such that (3(v) — satisfies the condition 2(g(v) — 1) + n(v) > 0; a pointed prestable 
map is stable if and only if the associated dual graph is stable. Using Lemma we see 
that the set of stable dual graphs G of fixed genus g(v), valence n(v) and degree (3(v) is 
finite. 

Bchrend and Manin || show that Kontsevich's moduli stack M g , n (V, (3) of n-pointed 
stable maps of (arithmetic) genus g and degree (3 is a proper Deligne-Mumford stack 
(though not in general smooth). It carries a forgetful map p : A4 g . n (V, (3) — > M g n , 
obtained by discarding the map / of a pointed stable map (/ : C — > V, zt, ■ ■ . , z n ) — the 
underlying pointed curve (C, z\, . . . , z n ) of a stable map is only prestable, in general. 

The proof of the following result is similar to that of Proposition ||. 

Proposition 11. Let 1 < i < n. On M g . n +i(V, (3), we have the formula 

1 i n 
i n+1 




2 Recall that two 1-cycles x and y are numerically equivalent x = y when xZ = yZ for any Cartier 
divisor Z on V. 
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5.3. Virtual fundamental classes. Let 7r : M g , n +i (V, /?) = C flj „(V,/?) — > AT ff ,„ (F, /?) 
be the universal curve, whose fibre over a pointed stable map (/ : C — > V, z\, . . . , z n ) 
is the curve C. Denote by / : C gn (V,f3) — ► V the universal stable map. If the sheaf 
R 1 ir*f*TV vanishes on A4 s . n (V, the Riemann-Roch theorem predicts that the stack 
M,g tn (V,{3) is smooth, of dimension 

dimM g>n (V, (3) = (D - 3)(1 - g) + Cl (V) n + n. 

This hypothesis is rarely true, and in any case only in genus 0. However, there is a cycle 
[Mg, n (V,P)] vlIt S ^(D-3)(i-9)+ Cl (v)n/3+n(A4 g ,™(V,/3)), the virtual relative fundamental 
class, which stands in for {A4 g . n (V, (3)] in the obstructed case. Axiom I for Gromov- 
Witten invariants (Behrend 0) says that, under the isomorphism M g , n (V, 0) = M. g , n X 
V, [A7 g: „(V,0)] virt is identified with \M g , n ] x V, while Axiom IV says that 

[M g , n+ i(V,(3W M = n*[M g , n (V,(3W M . 

5.4. Gromov-Witten invariants. In studying the Gromov-Witten invariants, it is con- 
venient to work with cohomology with coefficients in the Novikov ring A of V, as adapted 
to the case of projective varieties (Lecture 4, Morrison |l7| ; see also Section 2.1 of ||l0| ). 
The Novikov ring is 

A = QtN x (V)] <8>q[ne i( v)] Q[NE 1 (V)] 

= {« = E/3eNi(v) a /3^ I supp(a) C /3 + NEi(V) for some /3 £ Ni(V)}, 

with product q /3l qP 2 = ql 3l+ ^ 2 and grading g' 3 = — 2ci(V) (~l /3. That the product is 
well-defined is shown by Lemma p"o| . 

We may now put these ingredients together to define the Gromov-Witten invariants 
of V: if cohomology classes of V, 

fan. (#i) • ■ -Tfc„(x„))g 

/3gNEi (V) ^[>< s ..(V,/3)]v. rt 

where ev : A4 g , n (F, /3) — » V™ is evaluation at the marked points: 

ev: (/:C^7, Z i,...,z n )^ ,/(*»)) e V". 

This is the n-point correlation function of two-dimensional topological gravity with back- 
ground the topological er-model associated to V. Observe that the grading of the Novikov 
ring is designed to ensure that this correlator, considered as a map from H*(V n ,Q) to 
A, is homogeneous, of degree 

n 

2{(3-D)(l- 5 ) + 5>i-l)}- 

z=l 

The following result is known as the string equation if a; € H (V, Q), and as the divisor 
equation if ui £ H 2 (V, Q). It is an immediate consequence of Axiom IV. 
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Proposition 12. Let u G iP(V, Q), i < 2. Then 

(ujT kl (xi) . ..T kn {x n )) g = JpW- (r fel (xi) . ..T kn (x n )) g 



^2( T k! {Xl) ■ ■ ■ Tfc,_l(w U Xi) . . . T kn (x n )) g , 



i=l 

except when g = and n — 2: {10x1X2)0 — J v u> UX1UX2 + fa lo ■ (xiX2)o- □ 

Another basic consequence of Axiom IV is the dilaton equation 

(ri(F)r fcl (xi) . . . T kn (x n )) g = (2g - 2 + n)(T kl (xi) . . . T kn (x n )) g , 

reflecting the fact that the relative dualizing sheaf ujj^ +1 (vp)/M (V p) nas degree 
2o — 2 along the fibres, and that w n +i ® „, ,—r , T , a . is the divisor of degree 

n along the fibres associated to the marked points. The string equation is equivalent to 
the equation L-\Z = of Eguchi et al. H, where 



Z = cxp(f> 2 s- 2 <<)) 3 ) 



while the divisor and dilaton equations together imply their equation LqZ = 0. 

6. Topological recursion relations 

We now combine the above results to show how to recover recursion relations among 
Gromov-Witten invariants from relations in the Chow group of M. g , n - To do this, we 
must turn our attention to Bchrend's construction of [Ai g . n (V, f3)) vlTt , since the axioms 
which he states in 13] are not quite adequate to the task. 

If G is a dual graph of genus g = g(G) and valence n = n(G), let M(G, V, /3) be the 
fibred product Mg t n(V, j3) x^ g n M(G). If G has edges Edge(G), form the fibred product 

M(G,V,0) > U UM g{v)Mv) (V,P(v)) 



yEdge(G) ^ ^Edge(G) x yEdge(G) 

where A is the diagonal map. 

There is an action of the group Aut(G) on A1(G, V, f3), coming from compatible actions 
on V^ Edsc ( G ) and Y\M g ( v )^ n ( v ){V, (3{v)), and the quotient by this action is naturally iso- 

V 

morphic to (G, V, (3). Denote the quotient morphism from A4(G, V, (3) to Ai(G, V, (3) 
by 7T. 

The following proposition is the analogue of Lemma 10 of Behrend |jj for general dual 
graphs; it follows from Proposition 7.2 of H in the same way as does Lemma 10. This 
result should probably be thought of as an axiom for Gromov-Witten invariants, at the 
same level as Behrend's and Manin's other axioms. 

Theorem 13. 

i(G) [ [M g , n (V,(3)r« = -- I \, 7r*A ! ]T (g)[M g{v)Mv) (V,(3(vW M 
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Taken together, Theorems g and [13| enable us to prove the topological recursion re- 
lation (||). Since .Mo, 3 is O-dimensional, we have the equation ipx = 0. It follows from 
Proposition H that on Mo,3, 



(12) 



*1 



Call this dual graph G, and let j be the inclusion of the stratum M(G) in Mo^. We 
see that 



(Tk 1 (x 1 )T k2 (x 2 )T k3 (x 3 )}o 

a J [Mo, 



3(V,P)] Vi ' 



Q y*in[M,, 3 (V,/3)f»* 
= YV /_ #£ 1_1 * fc2 * fc3 ev*(xiB 353^x3) by fll 

/? ! [A4o.3(V,/3)] virt 

= ^(^(xi^o^ ^^)^^)^ by Theorem |l|. 



This is not quite the same thing as (g), but only a zeroth order approximation to 
it, since it is an equation for (t/^ (.t^Jt^ (a^)^ (x3))o, and not for the power series 
((rfcj (xi)rk 2 (x2)Tk 3 {x%)))q. To prove (En, we simply apply Theorem ^ instead of Propo- 
sition ||. 

We prove (|J) in the same way. Since ipi — j^So on it follows from Proposition 

H that on Mi 



■1,1) 



*i = — 
12 



1 1 

The proof of (0) now follows along the same lines as the proof of 



7. Applications of the topological recursion relations 

The topological recursion relations (g) and (|J) lead to beautiful formulas of Dijkgraaf 
and Witten which express correlation functions on the large phase space in terms of 
correlation functions on the small phase space. In this section, we follow their proofs. 

Theorem 14. Let u a be the power series ((Pj a ))o. Then 

((Tk 1 ( x i) T k 1 (x2)))a = (rfe 1 (xi)rfe 2 (x2)e U7 ) . 
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Proof. Let F kljk2 (xi, x i) an d $k u ki{ x i, x 2) be the left and right-hand sides of the above 



equation. Denote equality modulo {ti 



k > 0} by a ~ b. The proof relies on the following 



consequence of the string equation (112), 



(13) u a - if 



which implies that 

Fk u k 2 ( x i,x 2 ) ~ $fe ll fc a (a;i,X2). 
We now calculate the derivatives of F kltk2 and < I ) fe 1 ,fe 2 with respect to t b n , n > 0. On 
the other hand. 

= <L ^(7aT fel (a:i)T fe2 (x2)e 7 ) 

a 

= E« r '-i^)^))o(^ P 7 a ))o(7ar fel (x 1 )r fe2 (x 2 )e^)o 

a,c 

QyO, 

= L((^-i(7i))7 c »o^(7a^i(si)^(i2)e" 1 >o 

a,c 

= ((T- n _i(7b)7 )) - 



0t§ 



On the other hand, we have by (£|) that 
dF kl .k 2 (xi,X2 



= {{Tn{lb)T kl {xi)T k2 (x 2 )))o 

= ^2((Tn-l{jb)Y l ))o((laT kl ( x l)Tk2(z2)))o 
a 

* v 9ffc 1: fc 2 (xi,a; 2 ) 
= ((T«-i(7fc)7 ))o • 

Induction in the order of vanishing of F klik2 (xi, x 2 ) — ^k\,k 2 { x ii x 2) hi the variables 
{t k | k > 0} shows that the two power series are equal. □ 

The corresponding theorem in genus 1, also due to Dijkgraaf and Witten [Q, is even 
simpler, since it does not involve derivatives of the potential. 

Theorem 15. 

<<»iHe-)i + ^logdet(^ 

Proof. For the proof, it is useful to introduce the notation Mg = du a /8t\. We calculate 
that 

BM b B 

-g^ = ((Tn(lc)Plal b ))0 = WQ ((Tnhc)Pl b ))0 

= ^E« r »-i(^)V»o«^7 l ))o 

d 

B M b 

d d at o 
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Multiplying by the matrix M 1 and forming the trace, we see that 

^ (^ M ~ l ) = £«?"n-i(7 c )7 7 »o + E((^-i(7c)7 <i )>oTr f^Af" 



fUc ] ~ / -A\'n-n 'c; f fo//u i / y \\'n-M f //u ^ „ d 

\ OT n / d \Ol 

Denote the left-hand side of the formula to be proved by G, and the right-hand side 
by T. Eq. @ shows that A/ fc Q - 6%, so that det(Af b a ) ~ 1, and hence G ~ T. Let us 
calculate the derivatives of G and T with respect to t„, n > 0. On the one hand, 

dT ^du a . m . 1 m /<9Af , 

a n 

= E« T '«-i(>)7 d »o (((7dP7 a ))o(7ae^)o + i Tr^Af- 1 )) 
^£((^-i(7c)7 a 7a))o 



9r 1 

£((r„-i(7c)7 a )}o 7 ^ + ^r£((T„-i(7c)7 Q 7a))o- 



a<s 24 

a u 

On the other hand, we have by (||) that 



' ' ((r„(7c)»x = £«r„-x(7c)7 a »o«7 Q »i + ^£<<t«-i(7c)7°7.>>0 

<9G 1 



"a a 

9G 1 



0t2 24 

a u a 

Induction in the order of vanishing of G — T in the variables {t^ | fc > 0} shows that the 
two power series are equal. □ 

Part 2. The calculation of V'x^fa 

Mumford |Tg| ] has made a thorough analysis of the intersection theory of the moduli 
space M.2- He shows that all of the cohomology of M.% is algebraic, and that it is 
generated by the boundary divisors 

o 

S = 81 
o 

There are two closed strata of codimension 2 in M.2-, associated to the dual graphs 
£01 = ( ) <5oo = 



and in the cohomology ring of M.2, we have the formulas 

5 2 I 

2<Soo- 5 0<$1 = <*0X; 5 i = - ^2 



(14) 6% = -25 i + 0^00, 5o*i = ^ox; <*i = -77^01- 
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Faber || has extended Mumford's analysis to A^2,i- Once more, all of the cohomology 
is algebraic, and is generated by the tautological divisors: 



Si 



So 



We have the following formulas for intersection of pairs of divisors: 




The first three of these formulas are proved by Faber j(| , using the results of Section 8 
of Mumford [j^, while the last three are obtained by pulling back the formulas (14) by 
the morphism -k\ 1 : A^2,2 — ^ A^2.i- 

The argument required to infer the first topological recursion relation (^) from the 
above formula for ipf are more elaborate than the arguments in genus and 1, since we 
must now deal with a quadratic expression in divisors . Proposition applied to the 
class *i on M 2 .i, shows that 



© 



tf? = *i(stab>i) 



(stab*V>i 



1 1 1 

A further application of Proposition || shows that 

© 



© © 



= (stab*^) 2 + 



Combined with Mumford's formula (Q) for ipf, this gives the topological recursion relation 
(||) , once we have replaced Proposition [| by Theorem ||. 
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In order to prove the second topological recursion relation ([?]) in genus 2, we apply 
the expression (||) for -01-02 in terms of boundary classes, which we prove in the next few 
sections. The topological recursion relation (mj follows by the familar pattern: 



= (stab*0>i)*2 



stab* [iptifo) 



stab*(0i0 2 ) 



8. The Hodge polynomial of M2.2 

In this section, we calculate the Hodge polynomials of M.2,2 and M.2,2 1 ^2, where the 
symmetric group §2 acts on on A^2,2 through its action on the marked points of the 
stable curve (C, zi, Z2). 

Recall that the Serre characteristic of a quasi-projective variety, and more generally, of 
a mixed Hodge module, is the Euler characteristic of its cohomology in the Grothendieck 
group of mixed Hodge structures (see 0). Since the Deligne-Mumford stacks M.2,2 and 
Mi,il^i are smooth and proper, their Serre characteristics (that is, the Serre charac- 
teristic of the associated coarse moduli space) determine their Hodge polynomials; thus, 
from now on, we will work only with Serre characteristics. 

An important role in our calculation will be played by the formula of [ ]i"l| for the 
S ra -equivariant Serre characteristics of the compactifications M g , n in terms of the §„- 
equivariant Serre characteristics of the moduli stacks M g , n : 

00 

(15) y.^ 1 E eS "(^«) 

9=0 2( 5 -l)+n>0 

00 00 
k=0 9=0 2(g-l)+n>0 

From H, we know the equivariant Serre characteristics of the moduli spaces Aio, n 
and Mi tTl . Thus, it only remains to calculate the Serre characteristics of M-2,1, ^2,2/^2 
and -M2,2- It will turn out that the calculation of the first two of these is relatively 
straightforward, while to calculate the third, we must apply Faltings's Eichler spectral 
sequence. Actually, for proving the topological recursion relation in genus 2, it is only 
necessary to calculate the Serre characteristic of A42,2/§2, since the topological recursion 
relation follows from a homological relation among §2-invariant cycles on ^2.2- We have 
chosen to include the calculation of e(7W2.2) since it implies that all of the cohomology 
of A-^2.2 is algebraic, a result which is of interest in itself. 
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8.1. Mixed Hodge modules on M. g . Let GSp(2g,C) be the group of matrices 




such that AB T = BA T , CD T = DC T , and AD T - BC T = t]l g for some r) e C x . The 
function rj : GSp(2g,C) — + C x defines a character, the multiplier representation. 
A maximal torus for GSp(2<?, C) is given by the diagonal matrices 

7 = diag(ai, . . . ,a g ,di, . . -,d g ), 

such that didi = rj. The irreducible representations of GSp(2<?, C) have highest weight 

where Ai > ••• > X g and n £ Z; denote the associated representation by V^(n). For 
example, V/m — V^(0) is the fcth symmetric power of the contragradient representation 
of GSp(2g, C) on C 2ff , with weights {ai/ij, . . . , a g /rj, 1/ai, . . . , l/a g }. 

To an irreducible representation V(\)(n) of GSp(2g,C), we associate a local system 
Y \\){ri) on A g , underlying a mixed Hodge module of weight |A| — 2n. We start with the 
fundamental representation V(i), with associated mixed Hodge module E = R 1 (irf ) C, 
where 7rf : M g ,i Xjj M g — > A4 9 is the universal curve over M g . The representations 
V/\\ are the images of certain idempotents in (C 29 )®' A '; we apply the same idempotents 
in E®I A I to obtain Yt\\- Finally, ~V(\)(n) is obtained from Vm by tensoring with C(n). 

8.2. The Serre characteristic of V/m. Let be the Serre characteristic of the mixed 
Hodge module Vm on A4 2 , an d let e\ be its Euler characteristic; note that eo = q 3 , 
while e\ = if |A| is odd. From the Leray spectral sequence and the techniques of ||, 
we see that 

e(M 2A )^q i + q 3 , 
e S2 {M 2 ,2) = (q 5 +q i + e 11 )s 2 + (q i + e 2 )s lu 

e S3 (-M 2 , 3 ) = (q 6 +q 5 -q 4 + qe n - e 2 )s 3 + (q 5 + q(e n + e 2 ))s 2 i + (q + 1) e 2 *in. 

Applying (|l5|), we obtain the Serre characteristics of the compactified moduli spaces^: 

e(M 2 ,i) = i 4 + 3? 3 + 5q 2 + 3? + 1, 
e S2 (M 2 , 2 ) = (q 5 + 5q 4 + Hg 3 + Hq 2 + 5q + 2 + e n )s 2 

+ (g 4 + 3g 3 + 3q 2 + q + e 2 )s n , 
e S3 (M 2 , 3 ) = (q 6 + 6q 5 + 20q 4 + 28q 3 + 20q 2 + 7q + 2+(q+l) e U )s 3 

+ {3q 5 + 12q 4 + 19q 3 + 12q 2 + Aq + 1 + (q + l)(e U + e 2 ))s 2 l 

+ (q 3 + (q+ l)e 2 )s m . 

Proposition 16. e lx = — 1 



3 These calculations were greatly aided by Stembridge's Maple package SF. 
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Proof. First, we show that the Euler characteristic en = — 1. In the last section of EL 
we prove that 

e{M , 6 /S 6 ) + e(Mi,4/S 4 ) + e(M 2 , 2 /S 2 ) = 2. 
But e(M ,„/§„) = 1 for all n > 3, e( J M 1)4 /S 4 ) = by the results of |], and e(.M 2!2 /§ 2 ) = 
2 + 

The Poincare polynomial of M. 3 is l + i 2 +i 6 (Looijenga [[t6)). The cohomology classes 
of degree and 2 are algebraic (H Q {M 3 , C) is spanned by 1 and H 2 (M 3 , C) is spanned 
by Ai), while the cohomology of degree 6 must have weight we {6, 8, 10, 12}. It follows 
that e(M 3 ) = q 6 + q 5 + q 3 ~ w / 2 . Applying @, we see that 

e(M 3 ) =q 6 + 3q 5 + 7q 4 + 10q 3 + 7q 2 + 3q+l + q 6 ^' 12 + en . 
Since M 3 satisfies Poincare duality, we see that 

<f$i=e 1 iW- w/a -Q w/i . 
On the other hand, since .M 2i2 satisfies Poincare duality, we see that 

q 5 = e n +1 - q 5 . 

It follows that en = 11 — w, showing that w — 12, and hence that en = —1. □ 

In the proof of this proposition, we could have used further results of Looijenga, which 
show that H 6 (M 3 , Q) has weight 12, but we thought it interesting to present an alternate 
proof of this fact. 

We conclude that 

(16) e S2 (M 2 . 2 ) = {q 5 + 5g 4 + llg 3 + llg 2 + 5g + l)s 2 

+ (q A + 3q 3 + 3q 2 + q)s n + e 2 s n , 

(17) e % (M2.3) = (q 6 + 6g 5 + 20g 4 + 28q 3 + 20q 2 + 6q+ l)s 3 

+ (3 9 5 + 12g 4 + 19q 3 + 12q 2 + 3q+)s 21 + q 3 Sm 
+ e 2 (q + 1)(S21 + Sin). 
As we will see, e 2 actually vanishes. 

8.3. Mixed Hodge modules on A g . Let A g be the moduli stack of completely po- 
larized Abelian varieties of genus <?, and let j g : A4 g — » A g the Abel-Jacobi map. The 
mixed Hodge module V(\)(n) on M g is actually the pullback by j g of a mixed Hodge 
modules of weight 2n — |A| on A g , which we also denote by 'V(x) an d which is defined 
in the same way as the mixed Hodge complex "V/\)( n ) on Mg, except that we use the 
mixed Hodge module E = i? 1 7r >t C, where tt : J g — » A g is the universal Abelian variety 
over A g , instead of its pullback j*E = (nf )*C 

In the special case of genus 2, the Abel-Jacobi map j 2 : Ai 2 A 2 is an open dense 
embedding, and the associated Gysin long exact sequence for the mixed Hodge module 
V/ A \ reads 

(18) ... — » Hi(M 2 ,Y {X} ) — > ^(^2,V (A >) — ► K(A 2 \M 2 .y {x) ) 

— > K +1 (M 2 , V W ) — > ^ +1 (^ 2 ,¥ <A) ) — » H' C +1 (A 2 \ M 2 , V (A) ) — ► ... 
Since = V^)(|A|), Poincare duality shows that 

K(A 2 ,Y W ) - H 6 -'(A 2 , V (A) ) V (-|A|) s ^(SpC^Z), V W ) V (-|A|) 
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and 

^(^ 2 \^2,V <A> ) = ff 4 - l (^ 2 \M 2 ,V (A) ) v (-|A|) 

= ^(Sa I SL(2,Z),Res^ z) V (A> ) V (-|A|). 

Here, §2?SL(2, Z) is the subgroup of Sp(4, Z) which preserves the standard decomposition 
of R 4 into two symplectic vector spaces of dimension 2. 

8.4. The Eichler spectral sequence for GSp(4, C). Let A g be a toroidal compacti- 
fication of A g , with compactification divisor = A g \A g (see Faltings-Chai g), and 
let 7r : J g — > be the associated family of generalized Abelian varieties. 

In the case that g = 2, A% is unique, and may be identified with M. 2 (Igusa in 
such a way that .A2 is identified with the union of strata associated to the stable graphs 

© and ° ° , and is identified with the stable graph 

There is an inclusion of GL(g,C) in GSp(2g,C), defined by 

Denote the irreducible representation of GL(g, C) of highest weight a Al . . . a g a by Wi\\. 
To such a representation, let us associate a vector bundle W(a) on A g . Again, we start 
with the special case of the fundamental representation W(i) = C 9 : the associated vector 
bundle in this case is £ = R^n^O. The representations Wi\) are the images of certain 
idempotents in (C 9 )®' A ' (different from those which occur in the symplectic case!); we 
may apply the same idempotents in £®I A I to obtain VVm- 

In genus 2, we will use the notation £k for the k-th symmetric power Wtk) of the 
Hodge bundle £, and A for its determinant line bundle. Observe that WVfeg) = X e <S) £k-e, 
and that = X~ k (8> £k-i- We have the identification £2 = Cl^ (log -D 00); taking the 

determinant, we see that A 3 = uj-j (D^), so that Serre duality gives 

H l c (A 2 , X a ® £ b ) v = H 6 - l (A 2l \ 3 - a - b ® £ 6 (£>oo)) and 

Hi(A 2 , A° ® £ 6 (-Ax>)) v = H 6 -\A 2l A 3 - Q ~ b <g> £ b ) and 

In Chapter VI of || , Faltings constructs a spectral sequence converging to H* (A g , Vm ), 
which collapses at the -Ei-term, and whose £a-term is a sum of cohomology groups of 
vector bundles W( jU )(— -Dqo)- In genus 2, his results amount to the following theorem. 

Theorem 17. TTie Hodge filtration on the cohomology groups H'(A2,^{ki)) has the 
form C F k+e+3 C F k + 2 C F e+1 C F° = H'(A 2 ,W {ki) ), where 

F o /F i+i s if* (^4 2 , A _fc ® £k-i{~D 00 )) , 
F i+i /F k+2 ^ H -i(^ 2) A -fe g ffc+ , +2 („ jDoo )) j 

Ffc+2/j p fc+ . + 3 s H -2(^ 2j A l-< g £ fe+ , +2 (_^ oo) ), 
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Proof. We show how this theorem follows from Theorem VI. 5. 5 of M, on taking g = 2 
and highest weight A = a k a 2 ; this highest weight arises because the dual of the associated 
mixed Hodge module is V^e) ■ 

The Weyl group of Sp(4, C) is generated by G\ and er 2 , where 

<7i(ai) = a 2 , 0i (a 2 ) = a 1 ,a 1 (d 1 ) = d 2 and ai(d 2 ) = d 1 , 
0-2(0.1) = ai,cr 2 (a 2 ) = d 2 ,a 2 (di) = di and a 2 (d 2 ) = a 2 . 

The character p equals a\a 2 ri~ z / 2 , the subset W m is {e, o 2 , a 2 oi, cr 2 cria 2 } , and we have 

e[a\a{p)/p = a\a{, 
G 2 {a k l a e 2P )/p = a k 1 a 2 i - 2 i 1 t+ \ 
a 2 a 1 (a\a! 2 p)lp = a^a^ V +2 , 
o 2 (Jxa 2 (a\a l 2 p)lp = a^~ 3 a 2 k ~ 3 r) k+e+3 . 

Taking the dual of the bundle with the highest weight associated to the element of 
W M with length p and twisting by the divisor —13 00, we obtain E p * , and the theorem 
follows. □ 

8.5. The mixed Hodge complex V/2)- The Leray spectral sequence for H'(A4 2 . 2 ,C) 
associated to the projection 7r 2 2 : M 2 . 2 — * A4 2 has i?2-term 



Hp(M 2 ,R"(tt1 2 ),C) 



Hp(M 2 ,C)®C(-2), a = 4, 

fl?(A4 2 ,EeE)8C(-l) = 0, g = 3, 

HP(M 2 ,C)®C(-1)®HP(M 2 ,E® 2 ), = 2, 

0, q<2. 



Note that E® 2 = C(— l)©V(n)©V(2)- We now assemble some results on the cohomology 
of local systems on M. 2 which will help us to analyse this spectral sequence. 

Proposition 18. The rational cohomological dimension cdQ A^2 of A4 2 is 3. 

Proof. The existence of an etale map .Mo, 6 ~* with Galois group §6 shows that 

cdQ M 2 = cdjj Mofi- 

If n > 3, there is a fibration .Mo,n+i — » A4 n , with fibre P 1 \ {zi, . . . , z n }; it follows 
from the Leray spectral sequence that 

cd Q M 0<n+1 = cd Q M ,n + cd Q (P 1 \{zx,..., Zn})- 

But cdQ(P 1 \ {zi, . . . , z„}) — 1; since Mo,3 is zero-dimensional, we see that cdQ Mo, n = 
n-3. □ 

The rigidity theorem of Raghunathan ||l9f combined with the Gysin exact sequence 
J) together yield the following result (which was pointed out to us by R. Hain). 

Proposition 19. 7/|A| > 0, H°(M 2 , V (A) ) and H 1 (M 2 ,V {X) ) vanish. 
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Combining these observations, we see that the Leray spectral sequence for n 2 : 
M.2,2 — ► M 2 collapses, giving 



K(M 2 , 2 ,C) 



C(-5), £ = 10, 

C(-4)©C(-4), i = 8, 

^ 4 (^2,V(ll))©ff c 4 (^2 I V(2)), i = 6, 

H*(M 2 ,V {11) )®H*(M 2 ,Y {2) ), i = 5, 

0, otherwise. □ 



Lemma 20. 

e 2 = [iJ c V 2 ,V (2) )] - [H*(A 2 ,V {2) )] +q 
Proof. By the Gysin exact sequence, we have 

e 2 = ^(-ir^^,V (2) )]-^(-ir[^(M M x^u,V (2) ) % ]. 

i i 

By the branching rules for SL(2,C) x SL(2,C) C Sp(4,C), the restriction of V (2 ) to 
M\,i x is isomorphic to V 2 ® ¥ © V © V 2 © Vi © Vi, where Y k is the fcth 

symmetric power of the Hodge local system on M\^. We have 

Hl(M x ,i x Mi,i,V 2 ® V ) = H 3 c {Mi,i x M,i,Vo 8V 2 ) = C(-l), 

and all other cohomology groups vanish. The exchange map on.Mi j ixA / li j i interchanges 
these two cohomology groups, and we see that 

H*(Mi A xMi,i,V 2 ®Vo©Vo®V 2 ) S2 = C(-1), 
proving the formula. □ 

We finally have enough information to deduce the following result. 

Proposition 21. e 2 = 

Proof. We start by showing that e 2 = 0. We have seen that e{M. 2 ^/^) = 1 + en — e 2 . 
In the last section of [jll), we prove that 

e(Moj/S 7 ) + e(A4i, 5 /§ 5 ) + e(M 2 , 3 /S 3 ) + e(M 3 ,x) = 6. 

But e(M ,JS n ) = 1 for all n > 3, e{M h5 /S 5 ) = -1 by [|, and e(M 3A ) = 6 by 
Looijenga flq| . 

Since H*(M 2 , V (2) ) C H^(M 2:2 ,C) and # 4 (.M 2 , V (2 >) C H%(M 2 , 2 ,C), we see that 
the weights of the cohomology groups H^(A4 2 , V/ 2 \) lie between and 5, while those of 
H^(M 2 ,Y {2) ) lie between 2 and 6. 

Furthermore, the Eichler spectral sequence with (k,t) = (2,0), shows that mixed 
Hodge structure on H^(A 2 , V/ 2 \) has F-weights in {0, 1, 4, 5}, and that on H^(A 2 , V/ 2 \) 
has F- weights in {1, 4, 5}, so that 

ff 3 (.4 2 ,V <2) ) S i/ c 3 (-)^°) ©ff3 ( _j(l,0) e F 3(_)(0,l) 0ff 3(_)(l,D 

© ff c 3 (-) (4,0) © ff c 3 (-) (0,4) © H c 3 (-)( 5 >°) © ff c 3 (-)( 4 ' x ) © ff 3 R (M) © ff c 3 (-)(°' 5 ) 

and 

ff 4 („4 2 ,V (2) ) £ i^-)^ ©^ ( _ )( 4,l) 0ff 4(_)(1.4) eff 4(_)(5.1) eiJ 4 ( _)(l,5). 
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Poincare duality for the compactification M.2.2 implies that e2 satisfies the functional 
equation e^ = q~ 5 e2, or, taking into account Lemma 20, that 

#3(_)(0,0) = Q) fl«(_)(1.0) = H c 3 (-)(°' 1 ) = 0, 

H 3 ( _)(i,i) s F c 4(_)(i.i) e c( _ 1)) f3(_)(4.o) = n*(-)Q>*> = 0, 

iJ 3(_)(5,0) = ff 3(_)(0,5) = fl4(_)(5.D = # c 4 (-) (1 ' 5) = 0. 

We conclude that 

e 2 = [i/ c 4 (-) (4 ' 1) ©^ 4 (-) (1 ^ 4) ] - [i^R^ © # c 3 (-) (1 < 4) ]. 

Since e2 is concentrated in weight 5, it must be effective by (|l6|). Since its Euler charac- 
teristic vanishes, it must be zero. □ 

9. The rational cohomology ring of M2.2 
There is a spectral sequence associated to the stratification of M2.2 by {Ai(G)}: 
E 2 q = H^(M(G),Q)^H'(M 2 , 2 ,Q). 

|Edge(G)|=- 9 

This spectral sequence carries a mixed Hodge structure, compatible with the mixed 
Hodge structure on H'(M2,2, Q)> an d since all rational cohomology of degree k on ^2,2 
has weight k, only classes of weight k in the degree k summand of E2 can possibly survive 
to In degree 2, there are six such classes, associated to the decorated stable graphs 



2 

Y 
1 



lp2 



© 



1 



O 



Si, 



Si,: 



S 



1 




In degree 4, there are fourteen such classes, associated to the decorated stable graphs 

1 2 o 



© 



S22 = 



Su\ = 




Sim = 



Sll\2 = 



^11112 — 



J 01| 



So\ 




1 2 



So\i 



Sqi\i — 



1 2 





) s : 

°01|2 — 





O 


1 


2 



Sq\: 



S 



1 12 



"01 I 12 — 



1 2 
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As we saw in the last section, h 2 (^2,2) = 6 and h 4 {M.2,2) = 14; it follows that all of the 
classes which we have enumerated must survive in Ego, with no relations among them. 
In this way, we obtain the following result. 



Proposition 22. Bases of the vector spaces H 2 (M2,2,Q) and H (M.2,2^ 
by the cycles associated to the above 6 and 14 decorated stable graphs. 

We now turn to the calculation of the intersection map 

ff 2 (A* 2 ,2,Q) ® H 2 (M 2<2 ,Q) — ► H A (M2. 2 M 

with respect to the given bases. 

1. Six proper intersections among the divisors Sq, Si.i, Si t 2 and 82- 

81,1 812 82 



are given 



80 

Sl,2 



^0 1 1 1 + <5o 1 1 2 <5oi| + <5oi 1 12 *o|i2 



*ii|i2 



*11|1 + 8ll\2 



2. The intersections ipi8x,i and ipi8i :2 are calculated using (|l l|) : 



V>i<5i,i 


= *ii|2 ' 


1 

\-^01\2, 




= *ii|i - 


H ^0111. 




= 25n| - 


f Sn\ 2 + *u|i2 


$2*1,2 


= 2<5ii| - 


f 5u\l + *11|12 



12 ul " 

3. The intersection ^1*0 is calculated by pulling back by the morphism ir 2 1 : M.2,2 
M.2,1 the intersection ^/>i<5o in A^2,i- By (||), 

.2 



(tti.i) ipi = ^i — 82 



showing that 



(V>x - ^2)^0 = ^1*0 - *0|12 = *ox| + *01|2 + 2(5 | + 2(5 | 2 + -Soo- 
4. In the same way, the self-intersections ip 2 and tp 2 are calculated by pullback from 



Ki)*(^) = (^i-*2) =^-82,2 

- 5 \2 + 78 n \ + 7<5n| 2 ) 



+ T^(*oo 



135, 



oil 



13(5, 



0112 



r (7*n| + + 5 | + *o|i) 



^(^or, 



13(5, 



01|1 



J 01|2 



*01|1 - * 



*2,2 

-(5, 



oil 12 J 



and 
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5. The self-intersection Sq is calculated by pulling back the formula for *q in M.2 
by the morphism Wq 2 : A-^2,2 - * A^2 : 

5 

5 = — 25 i | - 2<5 i i i - 2<5 i|2 - 2(5 i|i2 + g^oo- 

6. The self- intersections Sf 1; 8\ 2 an d *| are calculated by the excess intersection 
formula, using the explicit formulas for the normal bundles of these divisors and 




12 12 12 



We find that 8\ = —S22, and that 

*i,i = -*n|i - 8 n \2 - y^oi|i + ^01)2)5 

*i,2 = — <5ii| 1 - f>n\2 - Y2 ^ 01 l + ^01112)- 

We learn from these calculations that there are 7 quadratic relations among the six 
divisors ip±, tp2, *0i 5x,i, *i, 2) ^2- A basis for them is as follows: 

* M (12*i,i + 12<5i, 2 + 5 ) = *i, 2 (12*i,i + 12*i >2 + *o) - 0, 
^1*2 = ^2*2 = 0, 

*1,1*2 = *l,l(V>l + fa + 81.1) = 0, 

(-01 - ^aXHtyi + 10^ 2 - 2*i,i - 12*1,2 - <5 ) = 0. 



10. The CALCULATION OF 1pi4>2 

We now have all the data we need to prove the (||); in fact, by the calculations of the 
last section, it will be a consequence of the following result. 

Proposition 23. 

^1^2 = 3^1 + —(3^1 - 4^2)^0 ~ ^(8V>i + ^i)*i,i + g( 3< 0i -4'0 2 )*i,2 - ^*o|i 

Proof. Let Q be the matrix of intersections between the ( 2 ) =21 quadratic monomials in 
the six divisors {ipi, 1/J2, $o, *i,ij *i, 2) ^2} and the ( 3 ) = 56 cubic monomials. An algorithm 
to calculate the entries of this matrix has been implemented in Maple by Faber 
using this program and the code of Appendix A, we may check that Q has rank 14, that 
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its row space has basis 

ipiip2 iptfa ipi6i,i ipiSip ip t S (i = l,2) 
&\ 61,262 6 6 2 6 6i,i 5 5i,2 6q, 
and that its column space has basis 

ipiSj^ ^161,161,2 ipi6i t2 ipiSo 

1pl1p26o ^1^2^1,1 l\>ll\>26l,2 1P160 ipiipl 
S2S0 62612 6261,2 1p26l,l5i,2 ^2^1,2- 

It follows that these sets are bases of # 4 (A7 2 ,2, Q) and H 6 (M 2 ,2, Q)- 

Of course, there are many such bases — we have chosen these because it is particularly 
easy to calculate the intersections of the cycle # |i with the above cubic monomials, since 
<Wo|i = (these two cycles have empty intersection) and 

1 



ipi6 \i 



= 0. 



To calculate the two non-zero intersections ^1^1,2^011 an d ^1^1,1^1,2^011) we observe that 



<5i,2<5o|i 




1 



and Vi^i,2^o|i 



2 2 



To calculate the intersections of this cycle with 61,1 and #1,2, we use the excess intersection 
theorem, which shows that 



Si, 



-o 



-o 



1 



-O 



1 

12 



1 

"48 
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The proposition now follows on solving the linear equation which expresses the intersec- 
tion vector of Jo 1 1 with our basis of cubic monomials in terms of the intersection vectors 
for the basis of quadratic monomials. □ 

Observe that while our calculations do not respect the symmetry of exchanging the 
labelling of the logs, the answer does — as it must, since ipi^ is invariant under this 
involution. This provides some confirmation that we have performed the calculation 
correctly. 

The proof of Proposition also gives the following result. 

Theorem 24. The six divisors ipi, -02, S2, 61, ij <5i,2 o,nd Sq generate the rational coho- 
mology ring of 

Proof. The fact that the matrix Q has rank 14 implies that the subalgebra of H* {M.2.2 , Q) 
generated by these six divisors coincides with H'(M.^2-, Q) up to degree 6. The analogous 
intersection matrix between linear and quartic monomials has rank 6, completing the 
proof. □ 

By contrast, H'(M2,3,Q) is not generated by H 2 (M.2,3, Q) : the intersection matrix 
between quadratic and quartic monomials in the 12 divisors spanning -ff 2 (A^2,3,Q) has 
rank 43, while h (M.2,3) = 44. As we will show in a sequel to this paper, the rational 
cohomology of M.2,3 is nevertheless all algebraic. 

Appendix A: Maple code used in proof of Lemma 

# Read in Faber's program for calculating intersection numbers, 
read MgnF : 

# generate the list of all [i_l , . . . , i_length] 

# with K=i_l<=. . .<=i_L<=N 
multi:=proc(N,L) local i,aux; 

aux:=proc(a) local j; 

seq( [j ,op(a)] , j=l . . op(l ,a) ) 
end; 

if L=l then [seq(i , i=l . .N)] else map(aux,multi (N.L-l) ) fi 
end: 

# Calculate the intersection matrix between monomials of degree 

# d and 5-d in the divisors of Mbar_{2,2}. In this calculation, 

# we omit the 3rd divisor (in Faber's ordering) kappa_l; in 

# genus 2, this is a boundary divisor. 
Intersection :=proc(d) local i,j .intersection, R,C; 

R: =subs (seq(i=i+l , i=n+l . . 6) ,multi(6 ,5-d) ) ; 
C : =subs (seq(i=i+l , i=n+l . . 6) ,multi(6 ,d) ) ; 
intersection: =array(l . .nops (R) , 1 . .nops(C) ) ; 
for i from 1 to nops(R) do 
for j from 1 to nops(C) do 

intersection [i , j] : =mgn(2 , [op(R[i] ) , op(C [j] )] ) 
od od; 
RETURN (intersect ion) 
end: 



28 



E. GETZLER 



References 

[1] K. Behrend, Gromov-Witten invariants in algebraic geometry, Invent. Math. 127 (1997), 601-617; 
alg-geom/9601011. 

[2] K. Behrend and B. Fantechi, The intrinsic normal cone, Invent. Math. 128 (1997), 45-88; 
alg-geom/9601010. 

[3] K. Behrend and Yu. Manin, Stacks of stable maps and Gromov-Witten invariants, Duke Math. J. 

85 (1996), 1-60; alg-geom/9506023. 
[4] R. Dijkgraaf and E. Witten, Mean field theory, topological field theory, and multi-matrix models, 

Nucl. Phys. B342 (1990), 486-522. 
[5] T. Eguchi, K. Hori and Chuan-Shcng Xiong Quantum cohomology and Virasoro algebra, Phys. Lett. 

B402 (1997), 71-80; hep-th/9703086. 
[6] C. Faber, doctoral thesis. 

[7] C. Faber, available by request from author <cf f aber<3math. okstate . edu>. 
[8] G. Faltings, C.L. Chai, "Degeneration of Abelian varieties," Springer- Verlag, Berlin, 1990. 
[9] E. Gctzler, Resolving mixed Hodge modules on configuration spaces, to appear, Duke Math. J.; 
alg-geom/9611003. 

[10] E. Gctzler, Intersection theory on Mi,4 and elliptic Gromov-Witten invariants, J. Amer. Math. 

Soc. 10 (1997), 973-998; alg-geom/9612004. 
[11] E. Gctzler and M.M. Kapranov, Modular operads, Compositio Math. 110 (1998), 65-126; 

dg-ga/9408003. 

[12] J. Igusa, A desingularization problem in the theory of Siegel modular functions. Math. Ann. 168 
(1967), 228-260. 

[13] M. Kontsevich and Yu. I. Manin, Relations between the correlators of the topological sigma-model 

coupled to gravity; alg-geom/9708024. 
[14] J. Kollar, "Rational curves on algebraic varieties," Springer- Verlag, Berlin-Heidelberg-New York, 

1995. 

[15] J. Li and G. Tian, Virtual moduli cycles and GW -invariants, to appear, J. Amer. Math. Soc; 
alg-geom/9602007. 

[16] E. Looijenga, Cohomology of M- A and M.\, in "Mapping class groups and moduli spaces of Rie- 

mann surfaces (Gottingcn, 1991/Seattle, WA, 1991)," Contcmp. Math. 150, Amer. Math. Soc, 

Providence, RI, 1993, pp. 205-228. 
[17] D.R. Morrison, Mathematical aspects of mirror symmetry, in "Complex algebraic geometry" (J. 

Kollar, ed.), IAS/Park City Math. Series, vol. 3, 1997, pp. 265-340; alg-geom/9609021. 
[18] D. Mumford, Towards an enumerative geometry of the moduli space of curves, in "Arithmetic and 

geometry," vol. II, Progr. Math., 36, Birkhuscr Boston, Boston, 1983, pp. 271—328. 
[19] M. S. Raghunathan. Cohomology of arithmetic subgroups of algebraic groups. I. Ann. Math. 86 

(1967), 409-424. 

[20] Yongbin Ruan and Gang Tian, Higher genus symplectic invariants and sigma model coupled with 

gravity, to appear, Inv. Math.; alg-geom/9601005. 
[21] E. Witten, Two dimensional gravity and intersection theory on moduli space, Surveys in Differential 

Gcom. 1 (1991), 243-310. 

Department of Mathematics, Northwestern University, Evanston, IL 60208, USA 
E-mail address: getzler<Smath.nwu.edu 



